Fractional order calculus (FOC) deals with integrals and derivatives of arbitrary (i.e., non-integer) order, and shares its origins with classical integral and differential calculus. However, until recently, it has been investigated mainly from a mathematical point of view. Advances in the field of fractals have revealed its subtle relationships with fractional calculus. Nonetheless, fractional calculus is generally excluded from standard courses in mathematics, partly because many mathematicians are unfamiliar with its nature and its applications. This area has emerged as a useful tool among researchers. One of the objectives of this paper is to discuss the usefulness of fractional calculus in applied sciences and engineering. In view of the increasing interest in the development of the new paradigm, another objective is to encourage the use of this mathematical idea in various scientific areas by means of a historical apologia for the development of fractional calculus. Keywords: fractional order calculus, non-integer order systems, dynamical systems.
Introduction
The theory of fractional calculus dates back to the birth of the theory of differential calculus, but its inherent complexity delayed the application of its associated concepts. In fact, fractional calculus is a natural extension of classical mathematics. Since the inception of the theory of differential and integral calculus, mathematicians such as Euler and Liouville developed their ideas about the calculation of non-integer order derivatives and integrals. Perhaps the subject would be more aptly called "integration and differentiation of arbitrary order."
Despite the work that has been done in this area, the application of fractional derivatives and integrals has been infrequent until recently. However, in recent years, advances in the theory of chaos and fractals revealed relationships with fractional derivatives and integrals, leading to renewed interest in this field [1] [2] [3] .
The basic aspects of the theory of fractional calculus are outlined in [4] . Insofar as it concerns the application of its concepts, we can cite research in different areas such as viscoelastic damping [5] , robotics and control [6] [7] [8] , signal processing [9] , and electric circuits [10, 11] .
As for the adoption of this concept in other scientific areas, several researchers have been inspired to examine this new possibility.
Some work has been carried out in the field of dynamical systems theory, but the proposed models and algorithms are still in the preliminary stage.
With these ideas in mind, this work introduces the fundamentals of fractional order calculus (FOC) and its applications. This paper is organized as follows. Section 2 outlines the origins of fractional calculus, providing the background for a historical apologia for its development, and discussing several approaches to mathematical formulation. Section 3 offers examples of applications. Finally, section 4 presents a discussion, conclusions and outlook.
Historical apologia and different approaches
Historically, fractional order calculus (FOC) has been unexplored or its applications delayed in engineering because of its inherent complexity, the apparent selfsufficiency of integer order calculus (IOC), and the fact that it lacks a fully acceptable geometric or physical interpretation. The intuitive idea of FOC is as old as IOC, as indicated in a letter written by Leibniz to L'Hopital in 1695. Leibniz, when asked about what if n were
dx n , said [12] : "Someday it would lead to useful consequences".
In 1730 Euler mentioned interpolating between integral orders of a derivative. In 1812 Laplace defined a fractional derivative by means of an integral, and the first discussion of a derivative of fractional order appeared in a calculus written by Lacroix in 1819.
Lacroix
Lacroix expressed the nth derivative (for n ≤ m) in terms of Legrende's symbol Γ for the generalized factorial. Recalling that
and starting, for instance, with the function y = x m , Lacroix expressed it as follows
Thus, replacing n with 
Liouville
It was Liouville who engaged in the first major study of fractional calculus. Liouville's first definition of a derivative of arbitrary order ν involved an infinite series. Here, the series must be convergent for some ν. Liouville's second definition succeeded in giving a fractional derivative of x −a whenever both x and are positive. Based on the definite integral related to Euler's gamma integral, the integral formula can be calculated for x -a . Note that in the integral
if we change the variables t = xu, then
Thus,
However, in accordance with Eq. (1), this yields the integral formula
Consequently, by assuming that
The (−1) ν term in the latter equation suggests the need to expand the theory to include complex numbers.
Indeed, in terms of contemporary definitions, the modern theory of fractional calculus is intimately connected with the theory of operators. In classical calculus, the symbol D Fractional calculus still lacks a geometric interpretation of integration or differentiation of arbitrary order. Hence, the subscripts c and x are called here terminals of integration instead of limits of integration. This avoids unnecessary confusion.
Laurent
In 1884 Laurent published what is now recognized as the definitive paper on the fundaments of fractional calculus. Using Cauchy's integral formula for complex valued analytical functions and a simple change of notation to employ a positive ν rather than a negative ν will now yield Laurent's definition of integration of arbitrary order ν > 0
The appropriate definition of differentiation of arbitrary order is to integrate it up to a point from which the desired result can be obtained by conventional differentiation.
Let nu = m − rho where, for convenience, m is considered the smallest integer larger than ν and 0 < ρ ≤ 1.
Observe that
and consequently
Cauchy
Cauchy's definition, which is recognized as one that preserves some important frequency properties [13] , is expressed as follows
where the function Γ(α) is the generalization of factorial function and is defined in Eq. (1). Indeed, since the birth of differential and integral calculus, the generalization of the derivative and integral concept to a non-integer order has been the subject of several approaches. For this reason, there are various definitions that are provenly equivalent, and their use can (and should) be encouraged by researchers in different scientific areas.
Caputo
In order to present Caputo's fractional derivative, let m be the smallest integer that exceeds α, thus enabling Caputo's fractional derivative of order α > 0 to be defined as follows
Clearly, numerous mathematicians have contributed to the history of fractional calculus by attempting to solve a fundamental problem to the best of their understanding. Each researcher sought a definition and therefore different approaches, which has led to various definitions of differentiation and antidifferentiation of noninteger orders that are provenly equivalent. Some of the aforementioned definitions of non-integer order derivatives are summarized and listed in Table 1. A table  can also be written for the definition of different and  equivalent integrals. Although all these definitions may be equivalent, from one specific standpoint, i.e., for a specific application, some definitions seem more attractive. Table 1 -Definition of derivatives of arbitrary order.
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Applications in applied sciences and engineering
Fractional order calculus can represent systems with high-order dynamics and complex nonlinear phenomena using few coefficients, since the arbitrary order of the derivatives provides an additional degree of freedom to fit a specific behavior. Another important characteristic is that fractional order derivatives depend not only on local conditions of the evaluated time but also on the entire history of the function. This fact is often useful when the system has a long-term "memory" and any evaluation point depends on the past values of the function.
At this point we therefore consider it relevant to present some applications involving the implementation of FOC-based models in different physical systems, namely: the diffusion equation, food engineering, robotics and control theory, and econophysics.
Applications in the diffusion equation
It is well known that, in the classical case, the diffusion equation is given by
A general solution is given for a fractional diffusion equation defined in a bounded space domain. The fractional time derivative is described in the Caputo sense ( Table 1 ). The Caputo fractional derivative is considered here because it allows for the standard inclusion of traditional initial and boundary conditions in the formulation, whereas models based on other fractional derivatives may require the values of the fractional derivative terms at the initial time. Keeping this definition in mind, the fractional diffusion equation [14] of interest can be written as
where α is a parameter describing the order of the fractional derivative, b denotes a constant coefficient with dimension (Time)(Length) −α/2 , x and t are the space and time variables, and u = u(x, t) is the field defined in the space domain [0,L], considering the following boundary conditions
The last boundary condition is assumed to ensure the continuous dependence of the solution on the parameter α in the transition from α = 1
Taking the finite sine transform of Eq. (16), integrating the second term of the resulting equation by parts, and applying the boundary conditions, we obtain
is the finite sine transform of u(x, t), where a = π/L, and n is a wave number, Eq. (18) may be called a diffusion-wave equation in a wave number domain. Taking the finite sine transform of Eq. (17), we obtain
andū t (n, 0) = 0 for 1 < α ≤ 2.
Taking the Laplace transform of Eq. (16) and using the initial conditions and the properties of the Caputo derivative, we obtain
where s is the Laplace transform parameter, and U (n, s) is the Laplace transform ofū(n, t). Taking first the inverse Laplace transform of Eq. (21) and then the inverse finite sine transform of the resulting equation, we obtain
where E α is the Mittag-Leffler function. The Mittag-Leffler function has several interesting properties.
In particular, we have E 1 (−z) = e −z and E 2 (−z 2 ) = cos(z). Using these identities, the solutions of Eq. (16) for α = 1 and 2 are given as
and
Equations (23) and (24) represent the diffusion and the wave solutions. These are special cases of the solution (Eq. (22)) of the fractional diffusion-wave equation.
Applications in food engineering
Food gums are complex carbohydrates and can serve a wide variety of functions, ranging from stabilizers to fat replacers. In many foods, these ingredients are also useful for building and/or modifying the product's texture.
In the special case where the material and thickness are uniform throughout, there will be bending stresses that can be obtained from the normal relationship
For a material that is neither a Hookean solid nor a Newtonian fluid, Ma and Barbosa-Cánovas [15] analyzed experimental results from elastoviscous bodies obtained by Bosworth [16] and proposed the following relationship
with k = constant, 0 ≤ α ≤ 1, τ represents shear stress and γ is the shear strain. Applying the Boltzmann superposition principle in combination with the fractional derivative concept, Eq. (26) has can be written as follows
Equation (27) rewritten in terms of a fractional operator (Laurent sense, Table 1 ) is
Equation (28) is an expression for the linear viscoelasticity of materials in terms of a fractional derivative. From a practical point of view, the material functions, such as dynamic viscosity (η ′ ) and complex viscosity (η ′′ ), need to be derived implicitly from stressstrain relations. Therefore, the theory of fractional derivatives, when employed to manipulate these material functions based on stress-strain relations, results in
Equations (29) and (30) can then be used to simulate the linear viscoelasticity of food gums, once the constants in the equations have been determined from the experimental data.
Applications in robotics and control theory
In industrial environments, robots have to execute their tasks quickly and precisely, minimizing production time. This requires flexible robots working in large workspaces, which means that they are influenced by nonlinear and fractional order dynamic effects.
Ferreira et al. [17] analyzed the effect of a hybrid force and position fractional controller applied to two robotic arms holding the same object, as illustrated in Fig. 1 . The load of the object varied and some disturbances were applied as references of force and position. Instead of using the classic PID (Proportional-IntegralDerivative) controller, they used a PI α D µ controller which was calibrated by trial and error. The resulting controller proved to be robust in handling variable loads and small disturbances at the reference.
Another interesting problem in robotics which can be treated with FOC is the control of flexible robots, as this kind of light robot uses low-power actuators, with no self-destruction effects in response to high impacts. Nevertheless, significant vibrations over flexible links make a position control difficult to design, because it reveals a complex behavior that is difficult to approximate by linear differential equations [18] . However, Monje et al. [19] propose a PD α for a flexible robot with one degree of freedom for variable loads, resulting in a system with static phase and constant overshoot, independent of the applied load.
An application in a robot with legs was presented by Silva and Machado [20] , who wrote a set of PD α algorithms to control position and force, which they applied to a hexapod robot with 12 degrees of freedom. The authors defined two performance metrics, one for quantity of energy and the other for position error. The controllers with α = 0.5 showed the best performance in this robot.
Applications in econophysics
Econophysics is a new interdisciplinary area in which concepts and analysis techniques commonly used for describing physical systems are applied to investigate financial and economic problems.
The dynamics of global markets require full time complete and highly accurate modeling.
Although numerous studies about financial markets have been published [21] [22] [23] [24] [25] [26] [27] , only a few of them use fractional calculus as a tool. Nevertheless, some investigations in finance using fractional calculus equations were made by Scalas et al. [28] .
David [29] proposed a very simple model based on the following discussion: It is well-known that a significant change in capital flow commonly occurs when investors, at any moment, perceive a minor change in risk.
It seems to me reasonable to imagine that the square of the capital flow invested, denoted as ( dλ dt ) 2 , can be proportional to the dimensionless perception of this risk variation, denoted as (y − y 0 ). Mathematically,
can be written as
An increase in risk perception stimulates a reduction in capital injection. That is the meaning of the minus signal above. Thus
and dλ (y 0 − y)
Now, integrating both sides,
where K = C 1/2 T . Here, λ = F (y), where λ is the amount of return on capital and y represents the risk perception.
Bearing in mind this fact, we can note that dλ = F ′ (y)dy.
If we change variables y 0 and y to x and t, and replace F ′ with f , the integral equation becomes
From this point on the problem is to determine the function f . This can be done by multiplying the last equation by 1/Γ(1/2) in order to obtain
Consequently,
Based on Laurent's general definition (Table 1) of derivatives, let us now consider the derivative of order 1/2 of the constant K.
In particular, when ν = 1/2, we have
Therefore, from Eqs. (39) and (41) it can be concluded that
This model involving risk and capital return based on the non-integer order calculus concepts is simple to implement and offers an interesting alternative way for investigation and possibly for predictions in financial markets.
Discussion and conclusions
Fractional Order Calculus (FOC) dates back to the birth of the theory of differential calculus or Integer Order Calculus (IOC). However, FOC only began to be applied in the last two decades as a result of advances in the area of chaos, which revealed subtle relationships with the FOC concepts.
Recent progress in the area of fractional derivatives and integrals implies a promising potential for future developments and application of the theory in various scientific areas. Some basic concepts of FOC and several applications in applied sciences and engineering have been presented.
The treatment of fractional order calculus in this paper is suggestive rather than rigorous in order to capture the reader's interest while simultaneously offering a hint of its potential as a research tool. A few applications have begun to appear, but they are still in the incipient stage of development.
This article presented several case studies involving the implementation of FOC-based models, whose results demonstrate the importance of Fractional Order Calculus. We strongly hope they will serve as motivation for the development of new applications.
